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Abstract

This paper studies consensus among identical agents that are at most critically unstable and coupled through networks with uniform
constant communication delay. An upper bound for delay tolerance is obtained which explicitly depends on agent dynamics and network
topology. The dependence on network topology disappears in the case of undirected networks. For any delay satisfying this upper bound,
a controller design methodology without exact knowledge of the network topology is proposed so that multi-agent consensus in a set of
unknown networks can be achieved. Moreover, when the network topology is known, a larger delay tolerance is possible via a topology-

dependent consensus controller.

1 Introduction

The consensus problem in a network has received substantial
attention in recent years, partly due to the wide applications
in areas such as sensor networks and autonomous vehicle
control. A relatively complete coverage of earlier work can
be found in the survey paper of Olfati-Saber et al. (2007),
the recent books by Wu (2007); Ren & Y.C. Cao (2011) and
references therein.

Consensus in a network with time delay has been extensively
studied in the literature. Most results consider the agent
model as described by single-integrator dynamics (Bliman
& Ferrari-Trecate, 2008; Tian & Liu, 2008; Olfati-Saber &
Murray, 2004), or double-integrator dynamics (Tian & Liu,
2009; Lin et al., 2007; Yu et al., 2010). Specifically, it is
shown by Olfati-Saber & Murray (2004) that a network of
single-integrator agents subject to uniform constant commu-
nication delay can achieve consensus with a particular linear
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local control protocol if and only if the delay is bounded by a
maximum that is inversely proportional to the largest eigen-
value of the graph Laplacian associated with the network.
This result was later on generalized in Bliman & Ferrari-
Trecate (2008) to non-uniform constant or time-varying de-
lays. Sufficient conditions for consensus among agents with
first order dynamics were also obtained in Tian & Liu (2008).
The results in Olfati-Saber & Murray (2004) were extended
in Lin et al. (2007); Yu et al. (2010) to double integrator
dynamics. An upper bound on the maximum network delay
tolerance for second-order consensus of multi-agent systems
with any given linear control protocol was obtained.

In this paper, we study the multi-agent consensus problem
with uniform constant communication delay. The agents are
assumed to be multi-input and multi-output and at most crit-
ically unstable, i.e. each agent has all its eigenvalues in the
closed left half plane. In other words, we allow the agents
to have eigenvalues on the imaginary axis. The contribu-
tion of this paper with respect to aforementioned literature
is twofold: first, we find a sufficient condition on the tol-
erable communication delay for agents with high-order dy-
namics, which has an explicit dependence on the agent dy-
namics and network topology. For undirected networks, this
upper bound can be independent of network topology pro-
vided that the network is connected. Moreover, in a special
case where the agents only have zero eigenvalues, such as
single- and double-integrator dynamics, arbitrarily large but
bounded delay can be tolerated. Another layer of contribu-
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tion is that for delays satisfying the proposed upper bound,
we present a controller design methodology without pre-
cise knowledge of network topology so that the multi-agent
consensus in a set of unknown networks can be achieved.
When the network topology is accurately known, the con-
troller design can be modified to be topology-dependent so
that a larger delay tolerance is attainable.

Miinz et al. (2010, 2012) have recently presented interesting
results on robust consensus of linear multi-agent systems
(MAS) subject to heterogeneous feedback delays. These
works are more general and realistic in respect of diverse de-
lays. However, this paper extends Miinz et al. (2010, 2012)
in the following ways. First of all, Miinz et al. (2010, 2012)
study the consensus problem in undirected networks. With
the design proposed in this paper, we are able to achieve con-
sensus in a set of directed networks. Secondly, Miinz et al.
(2010, 2012) only consider single-input and single-output
agents whose eigenvalues are in the open left half plane,
except for those at the origin. We consider multi-input and
multi-output agents that have eigenvalues in the closed left
half plane. In other words, eigenvalues on the imaginary axis
are also permitted.

The rest of the paper is organized as follows: notations and
some preliminary results are presented in the remainder of
Section 1. System and network configuration and consensus
problem formulations are given in Section 2. The consensus
problem with full-state coupling is solved in Section 3. The
corresponding problem with partial-state coupling is dealt
with in Section 4. In Section 5, we discuss the special case
of neutrally stable systems. Some technical lemmas are ap-
pended at the end of this paper.

The following notations will be used in this paper. For a
vector d, we denote a diagonal matrix by D=diag{d } whose
diagonal is specified by d. For column vectors xp, ..., Xp,
the stacking column vector of xi,...,x, is denoted by
[x1:...1x]

A weighted graph G defined by a pair (N, &) contains a
directed spanning tree if there is a node r € N such that
a directed path exists between r and any other node. For
a weighted graph G(N, A) with A = {a;;}yxn, a matrix
L = {{;j}nxn with

is called the Laplacian matrix associated with graph G. In
the case where G has non-negative weights, L has all its
eigenvalues in the closed right half plane and at least one
eigenvalue at zero associated with right eigenvector 1 (see
Godsil & Royle, 2001). If G has a directed spanning tree, L
has a simple eigenvalue at zero and all the other eigenvalues
have strictly positive real parts (see e.g. Ren & Beard, 2005).

2 Problem formulation

Consider a network of N identical agents

xi(t) = Ax'(t) + Bui(¢t), i=1,...,N,
. N . )
2(1) = Yo b X! (t — o).

where x! € R”, u' € R™ and z' € R”, t is an unknown
constant satisfying v € [0, 7]. The coefficients £;; are such

that £;; < O for i # j and &; = — Y1 ;. In (D),
each agent collects a delayed measurement z' of the state

of neighboring agents through the network, which we refer
to as full-state coupling.

It is also common that z' may consist of the outputs of
neighboring agents instead of the complete states which can
be formulated as follows:

xi(t) = Ax'(t) + Bu'(t),
yi(t) = Cx' (1), i=1,...,N, (2)
20 = Y, byl (=),

where x* € R”, u' € R™ and y’,z' € R?. We refer to the
agents in this case as having partial-state coupling.

The matrix L = {£;;} € RV*N defines a communication
topology that can be captured by a weighted graph G =
(N, &) where (j,i) € & < {;; < 0. The graph G is, in
general, directed. However, in a special case where L is
symmetric, G is undirected. This L is the Laplacian matrix
associated with G.

Assumption 1 The following assumptions are made
throughout the paper:

(1) The agents are at most critically unstable, that is, A
has all its eigenvalues in the closed left half plane;

(2) (A, B) is stabilizable and (A, C) is detectable;

(3) The communication topology described by the graph
G contains a directed spanning tree.

Under item 3 of Assumption 1, L has one simple eigen-
value at zero and the others lie in the open right half plane.
Let Aq,---, Ay denote the eigenvalues of L and assume
A1 = 0. We have that Re(4;) > 0, or equivalently arg(d;) €
—%.5),fori =2,..,N.

It should be noted that in practice, perfect information of the
communication topology is usually not available for con-
troller design and that only some rough characterization of
the network can be obtained. Using the non-zero eigenval-
ues of L as a “measure” for the graph, we can introduce the
following definition to characterize a set of unknown com-
munication topologies.



Definition 1 Foranyy > B> 0and 5 > ¢ >0, Gg,,, is
the set of graphs satisfying Assumption 1 and whose asso-
ciated Laplacian satisfies

|Ail € (B, y) and arg A; € [—¢, ¢]
fori =2,...,N.

Remark 1 In the literature, only the real part of the Lapla-
cian eigenvalues is typically of concern when studying syn-
chronization. The smallest non-zero real part is the alge-
braic connectivity of the graph, which plays an important
role in most work on network synchronization (e.g Li et al.,
2010). The largest magnitude depends on the topology of
the graph and the numerical edge weights, and plays a role
in some synchronization problems (see, for instance, Olfati-
Saber & Murray, 2004; Seo et al., 2009a; Mesbahi & Egerst-
edt, 2010). For undirected graphs, all the eigenvalues of the
Laplacian are real. In this case, ¢ in Definition 1 can be
taken as zero, and B and y become traditional bounds on
the non-zero real parts. For directed graphs, however, the
argument of the Laplacian eigenvalues can vary in the range
(—m/2,7/2). An interesting insight offered by this paper is
that the magnitude of this argument plays a crucial role in
the presence of communication delay. Consequently, Defini-
tion 1 delineates sets of graphs based both on the magnitude
and argument of the Laplacian eigenvalues.

Definition 2 The agents in the network achieve consensus if

tl_i)rgo(x"(t) —x/(t))=0, Vi, je{l,...,N}.

Two consensus problems for agents with full-state coupling
(1) and partial-state coupling (2) can be formulated for this
set of networks respectively as follows.

Problem 1 Consider a network of agents (1) with full state
coupling. The consensus problem, given a set of possible
communication topologies §g ., , and a delay upper bound
Z, is to design linear static controllers u* = Fz' fori =
1,..., N such that the agents (1) with u' = Fz' achieve
consensus with any communication topology belonging to
98y, and for T < 7.

Problem 2 Consider a network of agents (2) with partial
state coupling. The consensus problem with a set of possible
communication topologies §g ., , and a delay upper bound
T is to design linear dynamic control protocols of the form:

X =Acx + B.7
ui = chi, (3)

fori = 1,..., N such that the agents (2) with controller
(3) achieve consensus with any communication topology be-
longing to 9g ., and for T < 7.

3 Consensus with full-state coupling

In this section, we consider agents with full-state coupling
as given in (1) and solve Problem 1.

For a given set of networks §g , ,, we design a decentral-
ized local consensus controller for any network in §g ,, , as
follows: ' _

u' = —aB' Pz, 4)
Here P is the positive definite solution of the Algebraic
Riccati Equation (ARE)

AP, + P,A— P.BB' P, +¢l =0. (5)

and ¢, as well as «, are design parameters which will be
chosen according to 8, y and ¢ so that the multi-agent con-
sensus can be achieved with any communication topology
belonging to g, ,. Let

o — 0, A is Hurwitz.
M |max{w € R | det(jwl — A) = 0}, otherwise.

Theorem 1 For a given set §g ,, , with B > 0 and T > 0,
consider the agents (1) and any coupling network belonging
to the set 9g y ,. In that case Problem I is solvable if,

TOmax < 5 — . (6)

Moreover, it can be solved by the consensus controller (4) if
(6) holds. Specifically, for given Gg ,, , and given T satisfying
(6), there exist @« > 0 and &* > 0 such that for this a and
any ¢ € (0,¢&*), the agents (1) with controller (4) achieve
consensus for any communication topologies in 9, , and
T € [0, 1]

Remark 2 The philosophy underlying the proof can be
briefed as follows: First, the consensus problem can be
converted to a robust stabilization problem with both input
delay and another layer of input uncertainty introduced by
the unknown complex eigenvalues of the Laplacian matrix.
Then we show that the low-gain feedback can accommo-
date these uncertainties if (6) is satisfied, by providing an
infinite gain margin and a phase margin that can be made
arbitrarily close to 7w /2. In fact, we can see in condition (6)
that Twmax characterize the delay effect and ¢ represents the
topology uncertainty. Together they should not exceed /2.

Proof: The proof proceeds in two steps. Step 1: it follows
from Lemma A.1 in the Appendix that Theorem 1 holds if
forany y > 8 > 0, T > 0 and ¢ satisfying (6), there exist
a > 0 and &* such that for ¢ € (0, £*], the system

% = Ax — Aae’V BB Pox(t — 7). (7)

is asymptotically stable for all t € [0,7], A € (8, y) and
¥ €l-¢.9]



Since T and g satisfy condition (6), this implies T@m.,x +¢ <
7 Choose a such that

1
o > .
:3 COS((/J + wmaxf)

®)

Let this « be fixed. (8) implies that A cos(¢) > 1 and hence,
by Lemma C.1, A — ade/V BB’ P, is Hurwitz stable for
¥ € [—@, ¢]. Then it follows from Lemma B.1 that system
(7) is asymptotically stable if

det [ jol — A+ a)kej(‘/’_“”)BB/Ps] £0, (9

forw e R, 7 €[0,7] and ¢ € [—¢, ¢].

Step 2. We need to prove (9). We note that given (8), there
exists a § > 0 such that

1

>,
* B cos(p + wt)

Vio| < omx +3. (10)

Next we will split the proof of (9) in two cases where |w| <
Wmax + 6 and |@| > wmax + § respectively.

If || > Wmax + 8, we have det(jwl — A) # 0, which yields
o(jwl — A) > 0. Hence, there exists i > 0 such that
o(jwl —A) > u, Vo, st || > opx + 6.

To see this, note that for w satisfying |w| > @& :=
max{||A||+1, Wmax+8}, wehave o (jwl —A) > |w|—||A|| >
1. But for w with |@| € [@wmax + 8, @], there exists u € (0, 1]
such that o (jwl — A) > u, which is due to the fact that
o(jwl — A) depends continuously on w.

Given o and A € (B, y), there exists €* > 0 such that
|[AaBB’P.|| < /2 for & < &*. Then

o(jol —A—are’V"DBB'P) = u— /2 > /2.
Therefore, condition (9) holds for |@| > @wmax + 8.

It remains to verify (9) with || < @wmax+6. By the definition
of §, we find that

alcos(Y —wt) > af cos(p + |w|T) > 1,

and hence by Lemma C.1, A—ot/\ej(‘”_“”)BB’Pg is Hurwitz
stable, for ® € (—Wmax — 8, Wmax + 8), A € (B,y), ¥ €
[—¢, ¢] and T € [0, 7] (See Fig. 1). Therefore, (9) also holds
with || < ®max + 6. [ |

Remark 3 Some comments on implementation of the con-
sensus controller (4) are worthwhile. Four parameters are
chosen sequentially in the consensus design and analysis,
namely «, 8, [t and €. First, we select the scaling param-
eter « in (8) using the given data B, ¢ and wmax. Then, §

Fig. 1. Note that given the condition in Theorem 1, ade/¥ is
originally located in ABCD and ale’ (W=07) will be located in
EFGH. 1t is easy to verify that if (10) holds, EFGH will not
cross the vertical line z = 1 for |w| < ®max + 8. Therefore,
Re(ahe/ ¥ —9T) > 1.

is chosen based on network data and the choice of a and
such a & will yield corresponding value of . Eventually, €
is determined by (. and y.

Remark 4 The consensus controller design depends only
on the agent model and parameters T,,y and ¢ and is
independent of specific network topology provided that the
network satisfies Assumption 1.

In the special case where wp,x = 0, i.e. the eigenvalues
of A are either zero or in the open left half plane, then
arbitrarily bounded communication delay can be tolerated
as formulated in the following corollary:

Corollary 1 For a given set §g ., , with B > 0 and T > 0,
consider the agents (1) and any communication topology
belonging to the set 9g ., ,. Suppose the eigenvalues of A
are either zero or in the open left half plane. In that case,
Problem 1 is always solvable via the consensus controller
(4). Specifically, for given 9g ,, , and T > 0, there exist o and
&* such that for any & € (0, £*], the agents (1) with controller
(4) achieve consensus for any communication topologies in
98,90 and T € [0, T].

Remark 5 In previous studies of network consensus prob-
lem, agents are normally assumed to have single- or double-
integrator type dynamics. Based on Corollary 1, we find that
the delay tolerance in such cases is independent of network
topology and can be made arbitrarily large. This result in
no way contradicts that in Olfati-Saber & Murray (2004);
Lin et al. (2007); Yu et al. (2010) since the goal here is to
find the maximal achievable delay tolerance by controller
design whereas the mentioned paper present conditions such
that the delay does not affect consensus for a certain given
controller.

4 Consensus with partial-state coupling



Next, we consider the case of partial-state coupling and de-
sign a controller of the form (3) which solves Problem 2.

For ¢ > 0, let P, be the positive definite solution of the
ARE (5). A dynamic low-gain consensus controller, which
is a special form of (3), can be constructed as

i =(A+KC)yt —KzZ!

i

. (1T)
u' = —aB' Py,

where K is such that A + KC is Hurwitz stable. « and ¢
are design parameters to be chosen later. We shall prove that
this consensus controller solves Problem 2.

Theorem 2 For a given set §g , , with # > 0 and T > 0,
consider the agents (2) with any communication topology
belonging to §g . In that case, Problem 2 is solvable if,

TOmax < 5 — ¢. (12)

Moreover, it can be solved by the consensus controller (11)
if (12) holds. Specifically, for given B and y and given ¢
and T satisfying (12), there exist o > 0 and &* such that for
any ¢ € (0, &*], the agents (2) with controller (11) achieve
consensus for any communication topology in §g ., , and
T € [0, 7]

Proof: Tt follows from Lemma A.2 in the Appendix that
Theorem 2 holds if there exist & > 0 and &¢* > 0 such that
for ¢ € (0, £*], the system

v — _ v / _
{x(t) Ax(t) —are’V BB P, y(t — 1) 13

K1) =(A+ KC)x(t)— KCx(t)

is asymptotically stable for any A € (8,y), ¥ € [—¢, ¢] and
T €0, 7].

Define

_ A 0 B8] .
A = C8=|"1, %=[o —B’Pg].
_KC A+ KC 0

First of all, for given B,y and ¥ € (—¢, ), there exists o
such that

1

o > —.
ﬂ COS((p + a)maxf)

(14)

Let this o be fixed. By Lemma C.2 in the Appendix, there
exists &1 such that fore € (0, £1], A+are/V BF, is Hurwitz
stable for A € (B,y) and ¥ € (—¢,@). It follows from
Lemma B.1 that (13) is asymptotically stable if

det [ja)l — A —oz)&ej('l’_m)ig’ffi] #0, Vo € R,
YA e (B,y), YV € (—p,9), YT €[0,7]. (15)

Given (14), there exists § > 0 such that

Aacos(p +wT) > 1, Viw| < omx +6.  (16)
We can show, as in the proof of Theorem 1, that there exists
&, < &1 such that for ¢ € (0, &3], condition (15) holds for
|| > wmax + 6.

For |w| < Wmax+ _8 , it follows from (16) and Lemma C.2 that
A+are!/ =00 B F. is Hurwitz stable. Therefore, condition
(15) also holds with |@| < wyax + 6. [ |

Remark 6 The low-gain compensator (11) is constructed
based on the agent model and the network characteristics
B, vy and ¢. The four parameters «, 8, |1 and € used in the
design of controller (11) are chosen with the same order and
relation as in the proof of Theorem 1.

Corollary 2 For a given set §g ., , with B > 0 and T > 0,
consider the agents (2) with any communication topology
belonging to Gg ,, . Suppose the eigenvalues of A are either
zero or in the open left half plane. In that case, Problem
2 is solvable by the consensus controller (11). Specifically,
for given B, y, ¢ and T > 0, there exist o > 0 and £* > 0
such that for any ¢ € (0, &*), the agents (2) with controller
(11) achieve consensus for any communication topology in
98,90 and T € [0, T].

5 Special case: Neutrally stable agents

We observe that the consensus controller design in Theorem
1 and Theorem 2 for general critically unstable agents de-
pends on S which is related to the algebraic connectivity of
the graph. We next consider a special case where the agent
dynamics are neutrally stable, that is, the eigenvalues of A
on the imaginary axis, if any, are semi-simple. Without loss
of generality, we assume that A’ + A < 0 which can be ob-
tained after a suitable basis transformation. In this case, we
shall show that the consensus controller design no longer re-
quires the knowledge of § and hence allows us to deal with
a larger set of unknown communication topologies that can
be denoted as §p,y,,.

Consider the agents (1). Assume A" + A < 0. A local con-
sensus controller can be constructed as

u' =¢B'z'. (17)
We have the following theorem:

Theorem 3 For a given set §y,,,, and T > 0, consider the
agents (1) and any communication topology belonging to
the set Gy .. Suppose A’ + A < 0. In that case, Problem 1
is solvable if,

TOmax < % -, (18)
Moreover, it can be solved by the consensus controller (17)
if (18) holds. Specifically, for given y and given ¢ and T



satisfying (18), there exists an &* such that for any ¢ €
(0, £*], the agents (1) with controller (17) achieve consensus
for any communication topology in §, ., and t € [0, T].

Proof: Tt follows from Lemma A.1 that Theorem 3 holds if
the system

X = Ax — Aee/VBB'x(t — 1) (19)

is asymptotically stable for A € (0,y), ¥ € [—¢, ¢] and
7 € [0, 7], which, by Lemma B.1, is true if and only if

det[jwl — A+ ere/V/®TBB'] £ 0,
Yo €R, A €(0,y), ¥ €[—¢p,¢], T €[0,7]. (20)

There exists § > 0 such that w7 + ¢ < 7, Vo s.t. |o| <
Wmax + 6.

For given A € (0, y), we can show with a similar argument
as in the proof of Theorem 1 that there exists a > 0 and
a €1 such that for ¢ € (0,&1] and A € (0, )

o(jol —A+ere’V/°TBB) > 11,V s.t. |0| > omax +6.
Hence, (20) is satisfied with |@| > wyax + 6.

It remains to show (20) for |w| < @wmax + 8. Note that ¥ —
ot € (=%, %) by definition of § and hence cos(yy —wt) > 0.

2 b
Then

[A —ede/ VIO BR'* 4+ [A — Aee/VT/®T BB']
= —2Aecos(¥y —wt)BB' <0

Since (A, B) is controllable, we conclude that A —
AeelV—J®T BB’ is Hurwitz, and hence (20) also holds, with
|w| < wmax + 6. [ |

The next theorem addresses the consensus problem for net-
works with partial state coupling. In this case, a low-gain
consensus controller can be designed as

i =(A+KC)yt —Kz!

. . 1)
ul = SB/)(I,

where K is such that A + KC is Hurwitz.

Theorem 4 For a given set §y,y,, and T > 0, consider the
agents (2) with any communication topology belonging to
0,y,0- Suppose A + A’ < 0. In that case, Problem 2 is
solvable if,

‘Ewmax < % -9 (22)
Moreover, it can be solved by the consensus controller (21)
if (22) holds. Specifically, for given y and given ¢ and T
satisfying (22), there exists an &* such that for any ¢ €
(0, £*], the agents (2) with controller (21) achieve consensus
for any communication topology in §, ., and t € [0, T].

Proof: 1t follows from Lemma A.2 in the Appendix that
Theorem 2 holds if there exist & > 0 and ¢* > 0 such that
for ¢ € (0, £*], the system

{ X(1) = Ax(t) — ede/V BB y(t — 1) 03

@) =(A+KC)x()— KCx(t)

is asymptotically stable for any A € (0, y), ¥ € [—¢, ¢] and
T €0, 7).

Define

- A 0 - B _
A = . B=|"]. 375=[o—83/].
—KC A+ KC 0

By Lemma C.3 in the Appendix, there exists £; such that

for e € (0, &1], A+ ale/¥ BF, is Hurwitz stable. It follows
from Lemma B.1 that (23) is asymptotically stable if

det [ja)] — A —oz)tej(‘/’_"”)ﬁﬁs] #0, Yo € R,
VA e (B.y), YV € (—p,9), YT €[0,7]. (24)

Similarly as before, there exist § > 0 and &, < &1 such that
for ¢ € (0, &3], condition (24) holds for |®| > wpax + §.
On the other hand, || < wpax + 8, it follows from Lemma
C.3 that & + ale’ (‘/’_“”)3‘78 is Hurwitz stable. Therefore,
condition (24) also holds with |w| < Wmax + 6. [ |

6 Concluding remarks

In this paper, we study the multi-agent consensus with uni-
form constant communication delay for agents with high-
order dynamics. A sufficient bound on the delay is derived
under which the multi-agent consensus is attainable. When-
ever this condition is satisfied, a controller without the ex-
act knowledge of network topology can be constructed such
that consensus can be achieved in a set of networks.

Although this paper focuses on unknown communication
topologies, when the perfect information about the topol-
ogy is in fact available, the design procedure can be easily
modified to achieve a stronger result. In this case, input u;
to each agents can be first scaled as u; = d;u; where these
d; are such that diag{d;}L has a simple eigenvalue at zero
and the rest are real and strictly positive. The existence of
such d;s is proved by Fisher & Fuller (1958). Then we can
design u; following the procedure proposed in this paper.

A Connection of network consensus to robust stabiliza-
tion

The following lemmas are classical results in the study of
multi-agent consensus problem (see Seo et al., 2009b, for
instance).



Lemma A.1 Problem I is solvable via consensus controller
u't = Fz' if the following N — 1 systems

El(t) = AE'(t) + L BFE (1 — 1) (A.1)

are asymptotically stable where A;, i = 2,..., N are the
non-zero eigenvalues of the Laplacian associated with the
communication topology.

Lemma A.2 Problem 2 is solvable via consensus controller
(3) if the following N — 1 systems
xi(t) = AxX'(t) + L BCex' (t — 1)

i . . (A2)
1) =Acx' (t) + Bez' (1)

are asymptotically stable where A; fori =2,..., N are the
non-zero eigenvalues of the Laplacian matrix L.

B Stability of linear time-delay system

The following lemma is adapted from Zhang et al. (2003).
Lemma B.1 Consider a linear time-delay system
X =Ax 4+ Agx(t —1). (B.1)

Assume A + Ag is Hurwitz. We have that (B.1) is globally
asymptotically stable for t € [0, 7] if

det[jol —A—e®"A;] #0, VYo eR, VT e0,7],

forall w € R and T € [0, T].

C Robustness of low-gain state feedback and compen-
sator

In this subsection, we recall some classical robust properties
of low-gain feedback and compensator. Consider an uncer-
tain system

X = Ax + nBu
’ C.1)
y = Cx,

where (A, B) is stabilizable, (A, C) is detectable and A has
all its eigenvalues in the closed left half plane. The u € C is
input uncertainty. For ¢ > 0, let P, be the positive definite
solution of ARE

AP, + AP, — P.B'BP, + ¢l = 0.

The robustness of a low-gain state feedback u = —B’ P.x
is inherited from that of a classical LQR.

Lemma C.1 4 —{LBB/PS is Hurwitz stable for any u €
}

{s € C|Re(s) > 5

: 1
Proof: We observe that for i € {s € C | Re(s) > 5},

(A — wBB'Ps)* P, + Po(A— uBB'P,)
= —el — (2Re(n) — 1)P.BB'P;s < 0,

and hence, A — u BB’ P, is Hurwitz stable. |

The next lemma proves similar property of a low-gain com-
pensator.

Lemma C.2 For any a priori given bounded set
W {seC|Re(s) =1},
there exists €* such that for any ¢ € (0, £*], the closed-loop

system of (C.1) and the low-gain compensator

{ 7= (A+KC)y—Ky, 2

u=—B' Py
is asymptotically stable for any u € W.

Proof: Define e = x — y.The closed-loop of (C.1) and (C.2)
can be rewritten in terms of x and e as

x = (A— uBB'P.)x + uBB'P,e
{ (A—p )X + [ s ©3)

é =(A+ KC + uBB’'P;)e — uBB' P x.
Since Re(u) > 1, we have
(A—uBB'P,)* P, + P.(A—uBB'P;) < —¢I — P.BB'P,.
Define V; = x*P.x and u = —B’ P.x. We can derive that
Vi < —ellx))® = lull> + 6(e)lle] lul,
where 0(¢) = |uB’ P;|. Clearly, 6(s) — 0 as ¢ — 0.
Let Q be the positive definite solution of Lyapunov equation

(A+ KCYQ + Q(A+ KC) = -21I.

Since F; — 0 and p is bounded in ‘W, there exists &; such
that for ¢ € (0, &1],

(A4 KC + uBB'P,)Q + Q(A+ KC + uBB'P;) < —I.

Define V5 = e* Qe. We get Vs, < —|le||2+ M ||e]|||u|| where
M = max,ew{2||nOB|}.

Define V = 4M?2V; + 2V,. Then

V < —4M2e|x|*2 = 2lle|* — 4M>||u|?
+ (4M?0(e) + 2M) e |u



There exist ¢* < &; such that 4M?20(¢) < 2M for ¢ €
(0, £*]. Hence for ¢ € (0, &*],

V < —4Me||x|” = flel” = (lell = 2M [[u]))*.

We conclude that (C.2) is asymptotically stable for any p €
w. [ ]

Lemma C.3 Consider system (C.1). Suppose A’ + A < 0.
For any a priori given ¢ € (0, Z) and a bounded set

WCi{seCls#0, arg(s) € [-¢, 0]},

there exists &* such that for any ¢ € (0, €*], the closed-loop
system of (C.1) and the low-gain compensator

y =(A+ KC)y — Ky,
x=(A+KC)y—Ky 4
u=—eB'y

is asymptotically stable for any u € W.

Proof: Define e = x — . The closed-loop of (C.1) and (C.4)
can be rewritten in terms of x and e as

¢ = (A —euBB’ BB’
{ x ( euBB")x + euBB'e ©5)

é =(A+ KC + ¢uBB’)e — e BB'x.
Define V7 = x*x and u = —B’x. It is easy to get
Vi < —eRe(u)||ul|® + &[pl61 lle] ull,
where 6; = 2||B||.
Let Q be the positive definite solution of Lyapunov equation
(A+ KCYQ + Q(A+ KC) = -21I.

Since u is bounded in ‘W, there exists & such that for ¢ €
(0, € 1],

(A+ KC + euBB)Y*Q + Q(A + KC + euBB’) < —1I.

Define V> = e*Qe. We get Vo, < —|le||® + ¢|u|0a]le]|||u]
where 6, = 2||QB||.

Define V = V; + V,. Then with 63 = 6; + 6,, we can derive

. 3
V < —[1 —elulsec(p)] [le]|* — 26 Re () [Ju?
2
— eRe(u) (53 llull — sec(p)bs]le]l)
Since ‘W is bounded and ¢ is given, there exists £* < &

such that for ¢ € (0, £*], g|u|sec(p) < %, Yu € W. Hence
for ¢ € (0, &*],

. 1 3
V = —3llel = JeRe(o)Jull®.

Since (A, B) is stabilizable, we conclude that (C.2) is asymp-
totically stable for any u € W. [ ]
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